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E-mail address: hami_yaz@yahoo.com (H.Y. SarvIn this study, based on the reduced form of elasticity displacement ﬁeld for a long laminate,
an analytical method is established to exactly obtain the interlaminar stresses near the free
edges of generally laminated composite plates subjects to extension, torsion, and bending.
The constant parameters being in the displacement ﬁeld, which describe the global defor-
mation of a laminate, are appropriately calculated by using the improved ﬁrst-order shear
deformation theory. Reddy’s layerwise theory is subsequently employed for analytical and
numerical examinations of the boundary layer stresses within arbitrary laminated compos-
ite plates. Various numerical results are developed for the interlaminar normal and shear
stresses along the interfaces and through the thickness of laminates near the free edges.
Finally the effects of end conditions of laminates and geometric parameters on the bound-
ary-layer stress are studied.
 2011 Elsevier Inc. All rights reserved.1. Introduction
1.1. Background
Wide utilization of composite laminates in the last several decades has concerned engineers with new problems. One of
the important problems in this subject is delamination. It is well known that due to a mismatch in elastic properties of
adjoining layers, a highly concentrated interlaminar stress ﬁeld can happen in the vicinity of the free edges which may ini-
tiate interlaminar failures. These failure modes often occur at loading levels much lower than the prediction of the classical
lamination theory (CLT). In fact, the state of stresses in regions near the free edges, known as the boundary-layer regions, is
naturally a localized three-dimensional ﬁeld which is naturally not expected by CLT. However, because of inherent complex-
ities involved in the problem no exact solution is known for elasticity equations. So, various analytical and numerical
methods for determining the interlaminar stresses are developed to characterize the interlaminar stresses at the free edges
of composite laminates. Comprehensive literature surveys on this topic are available in review articles of Kant and
Swaminathan [1] which obviously shows the detailed path of development of methods. In the following, the related works
may, for convenience, be classiﬁed as either analytical methods or numerical methods.
1.2. Analytical methods
Several approximate analytical studies have been available on the interlaminar stresses in laminated composite plates.
The ﬁrst approximate analysis of interlaminar stresses appears to be that of Puppo and Evensen [2] who investigated. All rights reserved.
x: +98 2188735688.
estani).
H.Y. Sarvestani, M.Y. Sarvestani / Applied Mathematical Modelling 36 (2012) 1570–1588 1571interlaminar shear stresses in an idealized laminate consisting of orthotropic layers separated by isotropic shear layers with
interlaminar normal stress being neglected through the laminate. This initial study has been pursued by many researchers
for some years. Other approximate analytical methods used to study the problem are the usage of the higher-order plate
theory by Pagano [3], the perturbation technique by Hsu and Herakovich [4], the boundary layer theory by Tang and Levy
[5], and the approximate elasticity solutions by Pipes and Pagano [6]. An approximate theory is also utilized by Pagano
[7,8] based on assumed inplane stresses and the use of Reissner’s variational principle. Lekhnistskii’s stress potential and
the theory of anisotropic elasticity are employed by Wang and Choi [9,10] for examining the free edge singularities. Yin
[11,12] used a variational approach concerning Lekhnitskii’s stress functions for the evaluation of free-edge stresses in lam-
inates under uniaxial extension, bending, and torsion. Tahani and Nosier [13] developed an elasticity formulation for general
(symmetric or unsymmetric) cross-ply laminates under extension and layerwise temperature distribution. They used the
layerwise theory (LWT) to study the interlaminar stresses near the free edges of the laminates. Based on the reduced elas-
ticity displacement ﬁeld of a long laminated composite plate, Nosier and Bahrami [14,15] studied interlaminar stresses in
antisymmetric angle-ply laminates under extension and torsion. They also exhibited comprehensive examinations on vari-
ous loading conditions at the ends of laminates. Recently, Nosier and Maleki [16] used the layerwise theory (LWT) and im-
proved ﬁrst-order shear deformation theory (IFSDT) for analyzing Free-edge stresses in general composite laminates
subjected to extension loads.
1.3. Numerical methods
The available numerical methods for computation of boundary-layer stresses include the ﬁnite element methods, in gen-
eral, and other methods like ﬁnite difference or boundary element methods, usually. Most developments done in this part
are about the generation of new and capable meshing approaches, developing hybrid ﬁnite element methods, and affecting
special-purpose element for treatment of probable singular stress ﬁeld. Pipes and Pagano [17] ﬁrst used ﬁnite difference
method to solve the two-dimensional governing elasticity equations. The ﬁnite-difference solution of Pipes and Pagano
was pursued rapidly by a three-dimensional ﬁnite-element solution by Rybicki [18]. Afterward, a quasi-three-dimensional
ﬁnite element method is proposed by Wang and Crossman [19,20] to ﬁnd the interlaminar stresses in the near of the free
edge of symmetric balanced composite laminates under uniaxial extension and a uniform temperature change. Spilker
and Chou [21] investigated the same problem using a hybrid-stress multilayer ﬁnite element model. Galerkin method is ex-
panded by Wang and Dickson [22] for revealing singularity behavior of interlaminar stress in composite laminates. Robbins
and Reddy [23] employed a displacement-based variable kinematic global–local ﬁnite element method. It is well known that
the hybrid stress model can supply excellent results for laminates especially for the interface stress continuity. High accuracy
and fast convergence are improved by Liou and Sun [24]. Other signiﬁcant numerical methods used to study the problem are
a three-dimensional ﬁnite difference solution by Altus et al. [25], a three-dimensional multilayer higher-order ﬁnite element
by Gaudenzi et al. [26], and a two-dimension-three-dimension global–local ﬁnite element approach by Thomson and Grifﬁn
[27]. Cho and Kim [28] used an iterative method applied to analyze free edge interlaminar stresses of composite laminates
which are subject to extension, bending, twisting and thermal loads. The stresses, which satisfy the traction-free conditions
not only at the free edges but also at the top and bottom surfaces of laminates, are obtained by using the complementary
virtual work and the extended Kantorovich method. A multi-particle ﬁnite element is utilized by Nguyen and Caron [29]
which is applied for general laminated and is shown to be capable of simultaneously predicting global and local responses.
The analysis of free-edge stresses of composite laminates subjected to mechanical and thermal loads is performed using this
C0 eight-node layer-wise ﬁnite element after a classical bending validation.
1.4. Present study
From the literature survey it appears that limited publications have been devoted to study the interlaminar stresses due
to mixed loads. In the present paper, by means of an improved ﬁrst-order shear deformation theory (IFSDT) along with Red-
dy’s LWT, an analytical solution is obtainable for estimation of interlaminar stresses in generally laminated composite plates
under extension, torsion and bending moment. To commence with, based on physical arguments regarding the deformations
of a long generally laminated composite plate, an appropriate reduced elasticity displacement ﬁeld is founded. Because of its
simplicity and usefulness, the IFSDT is then utilized to determine the unknown constant parameters appearing in the re-
duced displacement ﬁeld. The boundary-layer stresses within the laminate are next examined analytically by means of Red-
dy’s LWT (see [30] ) which is known to be a reliable method in describing the localized stress ﬁelds since it includes the full
three-dimensional constitutive relations (see [31] ).2. Problem formulation
2.1. Elasticity displacement ﬁeld
A general composite laminate (with arbitrary lamination) subjected to an axial force Fx, a torque Tx and/ or a bending mo-
ment M0 at x = ±a is considered here as shown in Fig. 1. The coordinate system (x,y,z) is situated at the middle plane of the
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from the ends (x = ±a) of the laminate are functions of only y and z. Accordingly, the integrations of the three-dimensional
elasticity Strain-displacement relations [32] inside the kth layer of the laminate will produce the most general from of dis-
placement ﬁeld can be shown to be [33]:uðkÞ1 ðx; y; zÞ ¼ BðkÞ4 xyþ BðkÞ6 xzþ BðkÞ2 xþ uðkÞðy; zÞ;
uðkÞ2 ðx; y; zÞ ¼ BðkÞ1 xzþ BðkÞ3 x
1
2
BðkÞ4 x
2 þ v ðkÞðy; zÞ;
uðkÞ3 ðx; y; zÞ ¼ BðkÞ1 xyþ BðkÞ5 x
1
2
BðkÞ6 x
2 þwðkÞðy; zÞ;
ð1Þwhere uðkÞ1 ;u
ðkÞ
2 and u
ðkÞ
3 represent the displacement components of the material point (x,y,z) in the x, y, and z directions,
respectively. To satisfy the displacement continuity conditions at the interfaces of the adjoining layers, the integration con-
stants in Eq. (1) must be same for all layers within the laminate as follows:Bð1Þj ¼ Bð2Þj ¼    ¼ BðNÞj  Bj j ¼ 1;2; . . . ;6: ð2Þ
Therefore, the most general displacement ﬁeld in the kth layer has been shown to be as follows:uðkÞ1 ðx; y; zÞ ¼ B4xyþ B6xzþ B2xþ uðkÞðy; zÞ;
uðkÞ2 ðx; y; zÞ ¼ B1xzþ B3x
1
2
B4x2 þ v ðkÞðy; zÞ;
uðkÞ3 ðx; y; zÞ ¼ B1xyþ B5x
1
2
B6x2 þwðkÞðy; zÞ:
ð3ÞIf loading conditions at x = a and a are similar, based on physical grounds, the following conditions will hold:uðkÞ1 ðx; y; zÞ ¼ uðkÞ1 ðx;y; zÞ;
uðkÞ2 ðx; y; zÞ ¼ uðkÞ2 ðx;y; zÞ;
uðkÞ3 ðx; y; zÞ ¼ uðkÞ3 ðx;y; zÞ:
ð4ÞUpon imposing these relations on Eq. (3), it is readily found that:uðkÞðy; zÞ ¼ uðkÞðy; zÞ;
v ðkÞðy; zÞ ¼ v ðkÞðy; zÞ;
wðkÞðy; zÞ ¼ wðkÞðy; zÞ
ð5Þand B4 = B5 = o. The displacements in Eq. (3) are, therefore, reduced to what follows:uðkÞ1 ðx; y; zÞ ¼ B2xþ B6xzþ uðkÞðy; zÞ; ð6aÞ
uðkÞ2 ðx; y; zÞ ¼ B1xzþ B3xþ v ðkÞðy; zÞ; ð6bÞ
uðkÞ3 ðx; y; zÞ ¼ B1xy
1
2
B6x2 þwðkÞðy; zÞ: ð6cÞFurthermore, by replacing u(k) (y,z) by– B3y + u(k) (y,z) in Eq. (6a), it becomes apparent terms involving B3 in Eqs. (6a)–(6c)
can be omitted since no strains are produced by such terms. (These terms will correspond to an inﬁnitesimal rigid-bodyFig. 1. Laminate geometry and coordinate system.
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inate is, given as follows:uðkÞ1 ðx; y; zÞ ¼ B2xþ B6xzþ uðkÞðy; zÞ; ð7aÞ
uðkÞ2 ðx; y; zÞ ¼ B1xzþ v ðkÞðy; zÞ; ð7bÞ
uðkÞ3 ðx; y; zÞ ¼ B1xy
1
2
B6x2 þwðkÞðy; zÞ: ð7cÞIt is concluded from Eq. (5) that u(k)(y = 0,z) = 0 and v(k)(y = 0,z) = 0. From Eq. (7), and therefore:uðkÞ1 ðx ¼ a; y ¼ 0; zÞ ¼ B6az B2a; ð8aÞ
uðkÞ2 ðx ¼ a; y ¼ 0; zÞ ¼ B1az: ð8bÞObviously, from (8a) it is concluded that B2a and-B2a illustrate the uniform extensions of the lines AB and DE located at the
ends of the laminate (see Fig. 1) in the positive and negative x directions, respectively, the terms B6a and-B6a in Eq. (8a), are
the inﬁnitesimal (bending) rotations of lines AB and DE in Fig. 1, respectively, about the line cc and cc. Finally, in addition, the
terms-B1a and B1a in Eq. (8b) show the inﬁnitesimal (twisting) rotations of the lines AB and DE in Fig. 1 about the x-axis.
Since the terms involving B1, B2, and B6 in Eq. (7) describe certain global deformations that are being occurred in the lam-
inate. It is expected that these constants may accurately be obtained by utilizing an appropriate equivalent single-layer
(ESL) theory such as the IFSDT. On the other hand, the unknown functions appearing in Eq. (7), which illustrate the local
deformations that being happened in a laminate, will be calculated by the more exact LWT of Reddy (see [31]). Thus, the
present work concurrently uses the proﬁts of the highly accurate LWT and the low computational efforts of ESL theory in
anticipating the local and global manner of an arbitrary laminate, respectively.
2.2. Improved ﬁrst–order shear deformation theory (IFSDT)
Available theoretical developments regarding the micromechanical behavior of laminated composites are based on two
basic approaches, the ESL theories and, on the other hand, the three dimensional elasticity and LWTs. These theories are con-
sidered to be the right tools for the analysis. As it is remarked in the previous section, the constant permanents in Eq. (7)
describe the global deformation of a laminate and may, therefore, be determined by employing a suitable that the ﬁrst-order
shear deformation theory (FSDT) of laminates is not so reliable for accurate prediction of the constant parameters appearing
in Eq. (7). For this reason, by slightly modifying the displacement ﬁeld of FSDT, here the IFSDT is expressed as follows [16]:u1ðx; y; zÞ ¼ uðx; yÞ þ zwxðx; yÞ þ jzjwxðx; yÞ;
u2ðx; y; zÞ ¼ vðx; yÞ þ zwyðx; yÞ þ jzjwyðx; yÞ;
u3ðx; y; zÞ ¼ wðx; yÞ;
ð9Þwhere u1, u2, u3 are the displacement components in the x-, y-and z directions, respectively, of a material point initially lo-
cated at (x,y,z) in the undeformed laminate. Based on the displacement ﬁeld in (7), it is concluded that, the general displace-
ment ﬁeld in (9), may be simpliﬁed to what follows:u1ðx; y; zÞ ¼ B6xzþ B2xþ uðyÞ þ zwxðyÞ þ jzjwxðyÞ;
u2ðx; y; zÞ ¼ B1xzþ vðyÞ þ zwyðyÞ þ jzjwyðyÞ;
u3ðx; y; zÞ ¼ B1xy 12B6x
2 þwðyÞ:
ð10ÞFrom Eqs. (4) and (10) it is concluded that the unknown functions u, v, wx;Wx;wy, andWy must be odd functions of y while w
must be an even function of y. By starting from the displacement ﬁeld in Eq. (10) and using the principle of minimum total
potential energy [32] while treating B1, B2 and B6 as unknown constants, the equilibrium equations with IFSDT are readily
found to be (see Appendix A):du : N0xy ¼ 0; ð11aÞ
dv : N0y ¼ 0; ð11bÞ
dw : Q 0y ¼ 0; ð11cÞ
dwx : Qx M0xy ¼ 0; ð11dÞ
dwx : Qx M0xy ¼ 0; ð11eÞ
dwy : Qy M0y ¼ 0; ð11fÞ
dwy : Qy M0y ¼ 0; ð11gÞ
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Z þb
b
ðQxyMxyÞdy Tx ¼ 0; ð12aÞ
dB2 :
Z þb
b
Nxdy Fx ¼ 0; ð12bÞ
dB6 :
Z þb
b
MxdyM0 ¼ 0; ð12cÞIn which a prime denotes an ordinary differentiation with respect to the variable y. Also, since the edges of the laminate (i.e.,
at y = ±b) are assumed to be free, the following boundary condition must be imposed at these edges:Ny ¼ Nxy ¼ My ¼ My ¼ Qy ¼ Mxy ¼ Mxy ¼ 0 at y ¼ b: ð13Þ
The stress and moment resultants in Eqs. (11)–(13) are deﬁned as:ðNx;Ny;Nxy;Mx;My;Mxy;Qx;QyÞ ¼
Z h=2
h=2
ðrx;ry;rxy; zrx; zry; zrxy;rxz;ryzÞdz;
ðQx;Qy;Mx;MxyÞ ¼
Z h=2
h=2
ðsgnðzÞrxz; sgnðzÞryz; jzjry; jzjrxyÞdz
ð14aÞwithsgnðzÞ ¼ 1 for z < o;
1 for z > o:

ð14bÞNext, it is noted that the plane-stress Hooke’s law of an orthotropic lamina in the off-axis directions are given as [34]:rx
ry
rxy
8><
>:
9>=
>;
ðkÞ
¼
Q11 Q12 Q16
Q12 Q22 Q26
Q16 Q26 Q66
2
64
3
75
ðkÞ ex
ey
cxy
8><
>:
9>=
>;
ðkÞ
; ð15aÞ
ryz
rxz
 ðkÞ
¼ C44 C45
C45 C55
" #ðkÞ
cyz
cxz
 ðkÞ
; ð15bÞwith ½Q ðkÞ being the transformed (i.e., off-axis) reduced stiffness matrix and CðkÞ44 ;CðkÞ45 and CðkÞ55 represent the three-dimensional
transformed stiffnesses of the kth lamina. The normal strains Ex, Ey, and Ez and the engineering shear strains cyz, cxz, and cxy
are found upon substitution of Eq. (10) into the linear strain–displacement relations of elasticity [32]:ex ¼ B6zþ B2; cyz ¼ wy þ sgnðzÞwy þw0ðyÞ;
ey ¼ v 0 þ zw0y þ jzjw0y; cxz ¼ B1yþ wx þ sgnðzÞwx;
ez ¼ 0; cxy ¼ B1zþ zw0x þ u0 þ jzjw0x:
ð16ÞIt is to be noted that Eq. (15a) assumes that rzz = 0 and Eq. (16) suggests ez = 0. Regarding this situation, the constant k2 is
called the shear correction factor used to modify the laminate transverse shear rigidities. Upon substitution of Eq. (16) into ()
and the following results into Eq. (14a), the stress and moment resultants are found to be:ðNx;Ny;NxyÞ ¼ ðB11; B12;B16ÞB6 þ ðA11;A12;A16ÞB2 þ ðA12;A22;A26Þv 0 þ ðA16;A26;A66Þu0 þ ðB12;B22;B6Þw0y
þ ðB12; B22;B26Þw0y þ ðB16;B26;B66Þ w0x  B1
 þ ðB16; B26; B66Þw0XÞ; ð17aÞ
ðMx;My;MxyÞ ¼ ðD11;D12;D16ÞB6 þ ðB11;B12;B16ÞB2 þ ðB12;B22;B26Þv 0 þ ðB16;B26;B66Þu0 þ ðD12;D22;D26Þw0y
þ ðD12;D22;D26Þw0y þ ðD16;D26;D66Þðw0x  B1Þ þ ðD16;D26;D66Þw0X ; ð17bÞ
ðQx;QyÞ ¼ k2½ðA45;A44Þðwy þw0Þ þ ðA45;A44Þwy þ ðA55;A45Þðwx þ B1yÞ þ ðA55;A45Þwx; ð17cÞ
ðMx;MxyÞ ¼ ðD12;D16ÞB6 þ ðB12;B16ÞB2 þ ðB22;B26Þv 0 þ ðB26;B66Þu0 þ ðD22;D26Þw0y
þ ðD22;D26Þw0y þ ðD26;D66Þðw0x  B1Þ þ ðD26;D66Þw0X ; ð17dÞ
ðQx;QyÞ ¼ k2½ðA45;A44Þðwy þw0Þ þ ðA45;A44Þwy þ ðA55;A45Þðwx þ B1yÞ þ ðA55;A45Þwx; ð17eÞ
where
H.Y. Sarvestani, M.Y. Sarvestani / Applied Mathematical Modelling 36 (2012) 1570–1588 1575ðAij;Bij;Dij;Aij;Bij;DijÞ ¼
Z h=2
h=2
Qijð1; z; z2; sgnðzÞ; jzj; jzjzÞdz i; j ¼ 1;2;6; ð18aÞalsoðAij;AijÞ ¼
Z h=2
h=2
Cijð1; sgnðzÞÞdz i; j ¼ 4;5: ð18bÞIn Eqs. (17c) and (17e) the constant k2 is a shear correction factor which is artiﬁcially introduced (as in IFSDT) to modify the
laminate transverse shear rigidities in order to improve the accuracy of the theory. It is to be noted that from the boundary
conditions Nxy = Ny = Qy = 0 at y = ±b (see Eq. (13)) and Eqs. (11a)–(11c) it can readily be concluded that these equations may
alternatively be changed by the following:du : Nxy ¼ 0; ð19aÞ
dv : Ny ¼ 0; ð19bÞ
dw : Qy ¼ 0: ð19cÞBy employing Eq. (19c) in Eq. (11f) and utilizing the boundary conditions My = 0 at y = ±b. It is also concluded that Eq. (11f)
may be replaced by the following condition:dwy : My ¼ 0: ð19dÞ
Upon substitution of Eq. (17) into Eqs. (18), (11) and (12) the following displacement equilibrium equations are calculated:du : A66u0 þ A26v 0 þ B66w0x þ B66w0x þ B26w0y þ B26w0y ¼ B66B1  A16B2  B16B6; ð20aÞ
dv : A26u0 þ A22v 0 þ B26w0x þ B26w0x þ B22w0y þ B22w0y ¼ B26B1  A12B2  B12B6; ð20bÞ
dw : A44w0 þ A45wx þ A26wx þ A44wy þ A44wy ¼ A45B1y; ð20cÞ
dwx : B66u00  B26v 00 þ k2A45w0  D66w00x þ k2A55wx  D66w00x þ k2A55wx  D26w00y þ k2A45wy  D26w00y þ k2A45wy
¼ k2A55B1y; ð20dÞ
dwx : B66u00  B26v 00 þ k2A45w0  D66w00x þ k2A55wx  D66w00x þ k2A55wx  D26w00y þ k2A45wy  D26w00y þ k2A45wy
¼ k2A55B1y; ð20eÞ
dwy : B26u
0 þ B22v 0 þ D26w0x þ D26w0x þ D22w0y þ D22w0y ¼ D26B1  B12B2  D12B6; ð20fÞ
dwy : B26u00  B22v 00 þ k2A44w0  D26w00x þ k2A45wx  D26w00x þ k2A45wx  D22w00y þ k2A44wy  D22w00y þ k2A44wy
¼ k2A45B1y; ð20gÞ
dB1 :
Z b
b
k2A45w0yþ k2A45wyyþ k2A45wyyþ k2A55wxyþ k2A55B1y2 þ k2A55wxy D16B6  B16B2 þ D66B1  B26v 0

B66u0  D26w0y  D26w0y  D66w0x  D26w0x

dy Tx ¼ 0; ð21aÞ
dB2 :
Z b
b
ðB11B6 þ A11B2  B16B1 þ A16u0 þ A12v 0 þ B16w0x þ B16w0x þ B12w0y þ B12w0yÞdy Fx ¼ 0; ð21bÞ
dB6 :
Z b
b
ðD11B6 þ B11B2  D16B1 þ B16u0 þ B12v 0 þ D16w0x þ D16w0x þ D12w0y þ D12w0yÞdyM0 ¼ 0; ð21cÞIn order to obtain the parameters B1, B2 and B6 in Eqs. (20) and 21, the general solution of the ordinary differential equations
in Eq. (20) is ﬁrst calculated in terms of Bj (j = 1,2,6) will be found in terms of the speciﬁed axial force Fx, torque Tx and bend-
ing moment M0. For completeness, the details of the steps are exhibited in Appendix A.
It is to be noted that for numerical purposes in the present study the following loading cases will be considered:loading case 1 : My ¼ M0; Tx ¼ T0 and Fx ¼ F0;
loading case 2 : Fx ¼ F0; Tx ¼ T0 and B6 ¼ 0;
loading case 3 : My ¼ M0; Fx ¼ F0 and B1 ¼ 0;
ð22Þwhere F0, T0, and M0indicate the prescribed values of axial force, torque, and bending moment, respectively. In the loading
case 1, the laminate is subjected to constant axial force F0, bending moment M0 and torque T0. In the loading case 2, the
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loading case, case 3, the specimen is subjected to constant axial force F0 and bending moment M0 while the laminate is re-
stricted not to rotate about the x-axis.
2.3. Layerwise laminated plate theory of Reddy
Although the ESL theories are relatively accurate in predicting the global behavior of composite laminate, they are inca-
pable to accurately describe the local phenomena in laminated composites, like the states of strains at the ply levels or near
the edges of a laminate. On the other hand, the LWTs, which permit each layer of the laminate to behave almost like a real
three-dimensional solid, can provide excellent results in description of the local ted phenomena. In particulars here, Reddy’s
LWT will be utilized for calculation of inter laminar stresses in arbitrary laminated composite plates with free edges, in LWT,
it is possible to replace the actual physical layers by as many mathematical layers [31] as needed, by subdividing each phys-
ical layer through the thickness, to attained the proper accuracy. According to LWT, the displacement components of a gen-
eric point in the laminate are given by [30]:u1ðx; y; zÞ ¼ Ukðx; yÞ/kðzÞ
u2ðx; y; zÞ ¼ Vkðx; yÞ/kðzÞ
u3ðx; y; zÞ ¼ Wkðx; yÞ/kðzÞ
k ¼ 1;2; . . . ;N þ 1: ð23ÞIt is to be noted that a repeated index in (23) and in what follows indicates summation from 1 to N + 1. The functions Uk(x,y),
Vk(x,y), andWk(x,y) represent the displacements of the points initially located at the kth plane of the laminate in the x, y, and
z directions, respectively. The variable N in Eq. (23) is the total number of numerical layers introduced in any laminate. Also
the functions /k’s are the global approximation functions of the thickness coordinate which are assumed here to be linear
[30]. That is:/kðzÞ ¼
0 z 6 zk1
w2k1ðzÞ zk1 6 z 6 zk
w1kðzÞ zk 6 z 6 zkþ1
0 zP zkþ1
8>><
>>:
ðk ¼ 1;2; . . . ;N þ 1Þ; ð24aÞwhere the local Lagrangian interpolation functions wjkðzÞðj ¼ 1;2Þ associated with the kth surface in the laminate are deﬁned
as:w1kðzÞ ¼
1
hk
ðzkþ1  zÞ and w2kðzÞ ¼
1
hk
ðz zkÞ; ð24bÞhere hk is the thickness of the kth mathematical layer. Based on the displacement ﬁeld in Eq. (7), the displacement ﬁeld of
LWT in Eq. (23) may be, for the present study under consideration, must take the following form:u1ðx; y; zÞ ¼ B6xzþ B2xþ UkðyÞ/kðzÞ;
u2ðx; y; zÞ ¼ B1xzþ VkðyÞ/kðzÞ;
u3ðx; y; zÞ ¼ B1xy 12B6x2 þWkðyÞ/kðzÞ;
k ¼ 1;2; . . . ;N þ 1: ð25ÞIt is to be noted that, by using through-the-thickness linear interpolation functions, the continuity of displacement compo-
nents through the thickness of laminate is identically satisﬁed. On the other hand, the transverse strain components remain
discontinuous at the interfaces which will eventually reinforce the feasibility of having continuous interlaminar stresses at
the interfaces of adjoining layers by increasing the number of numerical layers through the physical laminate. Substituting
Eq. (25) into the linear strain–displacement relations of elasticity [32] will yield the following results:zex ¼ B6zþ B2; ey ¼ V 0k/k; ez ¼ Wk/0k;
cyz ¼ Vk/0k þW 0k/k; cxz ¼ Vk/0k þ B1y; cxy ¼ U0k/k  B1z
ð26Þwhere a prime in Eq. (26) and what follows denotes ordinary differentiation with respect to an appropriate independent var-
iable (i.e., either y or z). The three-dimensional constitutive law within the kth layer (with arbitrary ﬁber orientation) of the
laminate may also be showed as follows [34]:rx
ry
rz
ryz
rxz
rxy
0
BBBBBBBB@
1
CCCCCCCCA
ðkÞ
¼
C11 C12 C13 0 0 C16
C12 C22 C23 0 0 C26
C13 C23 C33 0 0 C36
0 0 0 C44 C45 0
0 0 0 C45 C55 0
C16 C26 C36 0 0 C66
2
6666666664
3
7777777775
ðkÞ ex
ey
ez
cyz
cxz
cxy
0
BBBBBBBB@
1
CCCCCCCCA
ðkÞ
; ð27Þ
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(26) in the principle of the minimum total potential energy [32], the equilibrium equations within LWT are founded as
follows:dUk : Q
k
x 
dMkxy
dy
¼ 0; k ¼ 1;2; . . . ;N þ 1; ð28aÞ
dVk : Q
k
y 
dMky
dy
¼ 0 k ¼ 1;2; . . . ;N þ 1; ð28bÞ
dWk : N
k
z 
dRky
dy
¼ 0 k ¼ 1;2; . . . ;N þ 1; ð28cÞ
dB1 :
Z b
b
ðQxyMxyÞdy Tx ¼ 0; ð29aÞ
dB2 :
Z b
b
Nxdy Fx ¼ 0; ð29bÞ
dB6 :
Z b
b
MxdyM0 ¼ 0; ð29cÞAlso the traction-free boundary conditions at the free edges of the laminate are as follows:Mky ¼ Rky ¼ Mkxy ¼ 0 at y ¼ b ðk ¼ 1;2; . . . ;N þ 1Þ: ð30Þ
Eq. (28) present 3(N + l) local equilibrium equations associated with N + l surface in the laminate within LWT. Furthermore,
Eq. (29) represent the global equilibrium equation of a laminate. The generalized stress and moment resultants being in
(28)–(30) are deﬁned as:Mky;M
k
xy;N
k
z
 
¼
Z h=2
h=2
ðry/k;rxy/k;rz/0Þdz; ð31aÞ
Qkx;Q
k
y;R
k
y
 
¼
Z h=2
h=2
rxz/0k;ryz/
0
k;ryz/k
 
dz; ð31bÞ
ðMx;Nx;Mxy;QxÞ ¼
Z h=2
h=2
ðrxz;rx;rxyz;rxzÞdz: ð31cÞSubstitution of Eq. (26) into Eq. (27) and the subsequent into Eq. (31) will produce the following relations:Mky;M
k
xy;N
k
z
 
¼ Dkj26;Dkj66;Bkj36
 
U0j þ Dkj22;Dkj26;Bjk23
 
V 0j þ Bkj23;Bkj36;Akj33
 
Wj  Dk26;Dk66;Bk36
 
B1
þ Dk12;Dk16;Bk13
 
B6 þ Bk12;Bk16;Ak13
 
B2; ð32aÞ
Qkx;Q
k
y;R
k
y
 
¼ Akj55;Akj45;Bkj45
 
Uj þ Akj45;Akj44;Bkj44
 
Vj þ Bjk45;Bjk44;Dkj44
 
W 0j  Ak55;Ak45;Bk45
 
B1y; ð32bÞ
ðMy;Mxy;NxÞ ¼ Dk16;Dk66;Bk16
 
U0j þ Dk12;Dk26; Bk12
 
V 0j þ Bk13;Bk36;Ak13
 
Wj  ðD16;D66;B16ÞB1 þ ðB11;B16;A11ÞB6
þ ðD11;D16;B11ÞB2; ð32cÞ
Qx ¼ Ak55Uj þ Ak45Vj þ Bk45W 0j þ A55B1y: ð32dÞ
The explicit expressions for the laminate rigidities appearing in Eq. (32) in terms of C0i are presented in Appendix B. Direct
substitution of Eq. (32) into Eq. (28) will provide the local displacement equilibrium equations within LWT as follows:dUk : D
kj
66U
00
j  Akj55Uj þ Dkj26V 00j  Akj45Vj þ Bkj36  Bjk45
 
W 0j ¼ Ak55B1y k ¼ 1;2; . . . ;N þ 1; ð33aÞ
dVk : D
kj
26U
00
j  Akj45Uj þ Dkj22V 00j  Akj44Vj þ Bkj23  Bjk44
 
W 0j ¼ Ak45B1y k ¼ 1;2; . . . ;N þ 1; ð33bÞ
dWk : B
kj
45  Bjk36
 
U0j  Bkj44  Bjk23
 
V 0j þ Dkj44W 00j  Akj33Wj ¼  Bk45 þ Bk36
 
B1 þ Ak13B2 þ Bk13B6 k ¼ 1;2; . . . ;N þ 1: ð33cÞCorrespondingly, upon substitution of Eq. (26) into Eq. (27) and the subsequent results into Eq. (29), the global equations,
(29), are demonstrated in terms of displacement functions as follows:
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Z b
b
Ak55Uj þ Ak45Vj þ Bk45W 0j
 
y Dk66U0j þ Dk26V 0j þ Bk36Wj
 
þ A55B1y2 þ D66
 
B1  B16B2  D16B6
 
dy ¼ Tx ð34aÞ
dB2 :
Z b
b
Bk16U
0
j þ Bk12V 0j þ Ak13Wj  B16B1 þ A11B2 þ B11B6
 
dy ¼ Fx ð34bÞ
dB6 :
Z b
b
Dk16U
0
j þ Dk12V 0j þ Bk13Wj  D16B1 þ B11B2 þ D11B6
 
dy ¼ M0 ð34cÞwhere the extra laminate rigidities appearing in Eq. (34) are also showed in Appendix B. The system of equations in Eq. (33)
shows 2(N + 1) coupled ordinary differential equations with constant coefﬁcients which may be exhibited in a matrix form as
follows:½Mfg00g þ ½Kfgg ¼ ½LfBg:y; ð35Þ
wherefgg ¼ ffUgT ; fVgT ; fWgTgT ;
fUg ¼ fU1;U2; . . . ;UNþ1gT ;
fVg ¼ fV1;V2; . . . ;VNþ1gT ;
fWg ¼ fW1;W2; . . . ;WNþ1gT ;
fBg ¼ fB1;B2;B6gT
ð36aÞandWj ¼
Z y
Wjdy: ð36bÞThe coefﬁcient matrices [M], [K], and [L] in Eq. (35) are displayed in Appendix B. Also from the conditions in Eq. (4) and the
displacement ﬁeld in Eq. (25) it is concluded that the functions Uj, Vj andWj are all odd functions of the independent variable
y. Hence, it can readily be veriﬁed that the general solution of Eq. (35) may be presented as:fgg ¼ ½w½sinhðkyÞfKg þ ½K1½LfBg:y ð37Þ
and [sinh (ky)] is a 3(N + 1) 3(N + 1) diagonal matrix. That is:½sinhðkyÞ ¼ diagðsinhðk1yÞ; sinhðk2yÞ; . . . ; sinhðk3ðNþ1ÞyÞÞ: ð38ÞAlso [w] and k21; k
2
2; . . . ; k
2
3ðNþ1Þ
 
are, respectively, the model matrix and eigenvalues of (-[M]1 [K]) and {K} is on unknown
vector representing 3(N + 1) integration constants. If B1, B2, and B6 are assumed to be the same as those obtained from IFSDT,
by satisfying the boundary conditions in Eq. (30) (at either y = b or-b) the integration constants appearing in {K} will be ob-
tained the solution of the problem is Finished. Otherwise, the constants Bj (j = 1,2,6) must be calculate within LWT analysis.
For this goal, the boundary conditions in Eq. (30) are ﬁrst imposed to found the vector {K} in terms of the unknown param-
eters Bj (j = 1,2,6). These constants are next calculated in terms of the speciﬁed axial force F0 or/and bending momentM0 or/
and torque T0 (it is dependent upon loading case) by satisfaction of the global equilibrium conditions in Eq. (29). The LWT
analysis, mentioned above, will also be followed in the present study in order to assess the accuracy of IFSDT in anticipating
the unknown parameters B1, B2, and B6.
3. Numerical results and discussions
In what follows, numerical comparisons are made between the IFSDT and LWT results in order to assess the accuracy and
efﬁciency of the used ESL theory, IFSDT, in anticipating the unknown constant parameters B1, B2, and B6. In addition, several
numerical examples are exhibited for the distribution of interlaminar stress within various general composite laminates
according of interlaminar stress layers are assumed to be of equal thickness to LWT. All physical layers are assumed to be
equal thickness (=0.5 mm) with the following mechanical on-axis properties associated with those of isotropic graphite/
epoxy T300/ 5208 [34]:E1 ¼ 132 GPa; E2 ¼ E3 ¼ 10:8 GPa; G12 ¼ G13 ¼ 5:65 GPa;
G23 ¼ 3:38 GPa; m12 ¼ m13 ¼ 0:24; m23 ¼ 0:59:
ð39ÞThe shear correction factor k2 in IFSDT is assumed to be equal to 5/6 (a value introduced by Reissner). Also, each physical ply
is modeled as being made up of 12 numerical layers within LWT (i.e., p = 12). Furthermore, the constants B1, B2, and B6 are
normalized so that B1 ¼ B1T0 ;B2 ¼
B2
F0
, and B6 ¼ B6M0 for the loading case 1, B1 ¼
B1
T0
, and B2 ¼ B2F0 for the loading case 2, and ﬁnally
B6 ¼ B6M0, and B2 ¼
B2
F0
for the loading case 3. Also, the width thickness ratio (i.e., 2bh ) is assumed to be, unless otherwise men-
tioned, equal to 10. Furthermore, the stress components are normalized as
Table 1
Numeri
Lam
[10/
[0/4
[25/
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 
for the loading case 1, r0 ¼ 1bh F0 þ T0h
 
for the loading case 2, r0 ¼ 1bh F0 þ M0h
 
and ﬁnally for
the loading case 3. Also the computer programs prepared for the present work are validated by comparing the present results
with the LWT results of Tahani and Nosier [13] for cross-ply laminates, Nosier and Bahrami [14,15] for antisymmetric angle-
ply laminates, and Nosier and Maleki in [16] for general composite laminates. With the purpose of examining the accuracy of
IFSDT in predicting B1, B2, and B6, these constants are also found according to LWT for several general laminates in all loading
cases considered in (22). The results are existing for three values of width to thickness ratios 2b/h = 5, 10, and 20 in Table 1. It
is perceived that the deviation of IFSDT solutions from LWT solutions is not large for thick laminates and is quite small for
thin laminates. Numerical investigation, however, indicates that the trivial inaccuracy observed in IFSDT in predicting these
constants for thick laminates does not considerably affect the numerical values of stresses. Therefore, for calculating these
constants, IFSDT is surely preferred over the computationally more involved layerwise theory. In the numerical examples
that follow the interlaminar stresses are achieved by integrating the local equilibrium equations of elasticity.
3.1. Bending-torsion-extension problems (loading case 1)
Here in this section the laminates which are subjected to an axial force Fx, a torque Tx and a bending moment M0 (see
Fig. 1) are considered and several numerical examples are illuminated for the loading case 1 as explained in (22). Fig. 2 dis-
plays the distribution of the interlaminar stresses across the 45/0 interface of [45/45/0/90/30/60] laminate. It is
watched that the interlaminar stresses rz and rxz grow quickly near the free edge, while being zero in the inner region of
the laminate. It is also seen that the magnitude of the transverse normal stress rz is greater than that of transverse shear
stress rxz. Alternatively, ryz rises toward the free edge and decreases rather suddenly to zero at free edge. By increasing
the number of numerical layers in each lamina ryz becomes slightly closer to zero but it may never become zero. It is impor-
tant to reminded that increasing the number of subdivisions results in no convergence for rz and rxz at interface-edge junc-
tion of two dissimilar layers, such as 45/0, and the numerical values of these components continue to grow as the number
of sublayers is increased. Fig. 3 shows the variations of the interlaminar shear stress ryz at y = b through the thickness of the
[45/45/0/90/30/60] laminate. It is to be noted that by increasing the number of numerical layers in each actual lamina
the value of ryz reaches zero everywhere except at the interface-edge connection. Also, it is seen that since instead of ryz thecal values of B1;B2 and B6 for various laminates according to IFSDT and LWT.
inate Loading case Constants Theory 2b/h = 5 2b/h = 10 2b/h = 20
80] 1 B1 IFSDT 136.9198 64.4432 31.3602
LWT 138.3420 65.9890 31.9563
B2 IFSDT 0.0112 0.0059 0.0031
LWT 0.0213 0.0063 0.0033
B6 IFSDT 96.3401 50.0582 25.4999
LWT 98.0946 51.9654 25.6093
2 B1 IFSDT 114.9141 53.2424 25.7053
LWT 116.0944 54.9843 25.8219
B2 IFSDT 0.0028 0.0012 5.7932e04
LWT 0.0030 0.0013 5.8743e04
B6 IFSDT 19.5972 10.6416 5.5199
LWT 21.0932 11.1643 5.6546
5/30/90] 3 B1 IFSDT 1.1567 0.5778 0.2888
LWT 1.3548 0.6613 0.2908
B2 IFSDT 0.0016 8.0347e04 4.0143e04
LWT 0.0018 8.6599e04 4.1809e04
B6 IFSDT 3.7232 1.8625 0.9315
LWT 4.0948 1.9956 0.9367
1 B1 IFSDT 7.0041 3.2481 1.5690
LWT 6.3498 3.6509 1.5697
B2 IFSDT 0.0023 0.0012 5.8278e04
LWT 0.0034 0.0015 5.9067e04
B6 IFSDT 4.8685 2.4374 1.2195
LWT 5.0032 2.5409 1.2207
-90/0/55/45/60] 2 B1 IFSDT 0.9963 0.4585 0.2213
LWT 1.3421 0.5576 0.2275
B2 IFSDT 2.7536e05 1.7400e05 9.6534e06
LWT 2.8737e07 1.8490e05 9.6545e06
3 B2 IFSDT 3.4028e04 1.7715e04 9.0411e05
LWT 3.5493e04 1.7802e04 9.0575e05
B6 IFSDT 1.2512 0.6469 0.3290
LWT 1.5532 0.7659 0.3298
Fig. 2. Distribution of interlaminar stresses along the 45/0 interface of [45/45/0/90/30/60] laminate for loading case 1.
Fig. 3. Variations of interlaminar shear stress ryz through the thickness of [45/45/0/90/30/60] laminate as a function of layer subdivision number p
for loading case 1.
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zero at the interface-edge intersection (even by increasing the number of sublayers in each physical layer). Next, the vari-
ation of interlaminar shear stress rxz through the thickness and near the free edge of the [0/60/90/60] laminate is re-
vealed in Fig. 4. It is observed that the maximum positive values of rxz take place at the 90/60 interfaces whereas the
maximum negative values of rxz at the 0/60 interfaces of the laminate.
Fig. 4. Variations of interlaminar shear stress rxz through the thickness of [0/60/90/60] laminate for loading case 1.
Fig. 5a. Variations of the interlaminar normal stress along the middle surface of [30/60] laminate with rotationally: (1) free ends and (2) constrained ends
for loading case 2.
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After that, in this portion the laminates which are just under an axial force Fx and a torque Tx (see Fig. 1) are considered
and variety of numerical examples with the effect of end condition of laminates are represented for the loading case 2 as
explained in (22). In order to study the effects of bending on the interlaminar stresses, the variations of normal stress rz
Fig. 5b. Variations of the interlaminar shear stress along the middle surface of [30/60] laminate with rotationally: (1) free ends and (2) constrained ends
for loading case 2.
Fig. 6. Through-the-thickness variations of interlaminar normal stress rz at the free edge of [0/45/90/0] laminate with rotationally: (1) free ends and (2)
constrained ends for loading case 2.
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conditions. It is obviously seen that preventing of the bending (by letting B1 = 0) causes a signiﬁcant decrease in rz and in-
crease in rxz at the middle surface of this particular laminate. Also through-the-thickness variations of interlaminar stresses
rz and rxz at the free edge of the [0/45/90/0] and [60/20/50/90] laminates are demonstrated, respectively in Figs. 6
and 7. Again, the ends of the laminate are once allowed to freely bend about the y axis (i.e., B6–0) and then are deﬂection
in bending constrained (i.e., B6 = 0).
Here, it is to be noted that the numerical values of both stress components are considerably increased.
Fig. 7. Through-the-thickness variations of interlaminar shear stress rxz at the free edge of [60/20/50/90] laminate with rotationally: (1) free ends and
(2) constrained ends for loading case 2.
Fig. 8. Distribution of interlaminar stress rz along the 0/0 and 0/45 interfaces of [0/0/45/45] laminate for loading case 3.
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Finally, in the last section the laminates which are only under an axial force Fx and a bending moment M0 (see Fig. 1) are
considered and different numerical examples with the effect of end condition of laminates are shown for the loading case 3
as given details in (22). The distribution of interlaminar normal stress rz along the upper and middle interfaces of [0/0/45/
45] laminate is presented in Fig. 8. The ﬁgure shows that in the boundary-layer region rz ﬁrst becomes negative and then
positive along the 0/45 interface with the magnitude of rz becoming moderately larger than that of 0/0 interface. The
distributions of interlaminar stress rxz across the middle and last interfaces of [-30/60/-60/30] and [-30/-60/60/30]
Fig. 9. Distribution of interlaminar shear stress rxz through the thickness of [-30/60/60/30] and [30/60/60/30] laminates for loading case 3.
Fig. 10a. Through-the-thickness variations of interlaminar shear stress ryz at the free edge of [0/45/90/45/0/90] laminate with rotationally: (1) free
ends and (2) constrained ends for loading case 3.
1584 H.Y. Sarvestani, M.Y. Sarvestani / Applied Mathematical Modelling 36 (2012) 1570–1588laminates are compared in Fig. 9. It is observed that transverse shear stress rxz demonstrates like behavior in the two lam-
inates. The maximum interfacial values of rxz at middle plane and at z = h/4 occurs in the [30/60/60/30] laminate. Also
through-the-thickness variations of interlaminar stresses rz and ryz at the free edge of the [0/45/90/45/0/90] laminate
are illustrated, respectively, in Figs. 10a and 10b. The ends of the laminate are once allowed to freely rotate about the x axis
(i.e., B10) and then are rotationally constrained (i.e., B1 = 0). It is remarked that the numerical values of both stress compo-
nents are noticeably increased.
Fig. 10b. Through-the-thickness variations of interlaminar normal stress rz at the free edge of [0/45/90/45/0/90] laminate with rotationally: (1) free
ends and (2) constrained ends for loading case 3.
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Here in the present study, according to the reduced elasticity displacement ﬁeld for a long laminated plate, analytical
solutions are developed to calculate the interlaminar stresses in generally laminated composite plates under extension, tor-
sion and bending. By employing the IFSDT, a simple method is provide to ﬁnd the unknown constant parameters B1, B2, and
B6 appearing in the displacement ﬁeld which represent the global deformation of the plate. The local displacement functions
as well as the interlaminar stresses through the layers of the laminate are subsequently obtained by Reddy’s layer wise the-
ory (LWT). Furthermore, the accuracy of IFSDT in estimating these constants is assessed by comparing the IFSDT results with
those obtained within LWT. It is found that IFSDT provides adequately accurate results so that actually no analysis based on
LWT is required to calculate B1, B2, and B6. Finally, several numerical examples are presented to explore the localized bound-
ary-layer interlaminar stresses along the interfaces and also through the thicknesses of various generally laminated plates
with free edges. Also, the effects of loading conditions at the ends of laminates are studied through the numerical examples.
Appendix A
According to the principle of minimum total potential energy [32] at the equilibrium conﬁguration of a body the variation
of the total potential energy P of the body must vanish. That is:dP  dU þ dV ¼ 0; ðA:1Þ
where dU is the variation of total strain energy of the body, i.e.dU ¼
ZZZ
V
ðrxdex þ rydey þ rzdez þ ryzdcyz þ rxzdcxz þ rxydcxyÞdxdydz ðA:2Þand V is negative of the work done on the body by the speciﬁed external forces. Here, V = 2M0aB6  2TxaB1  2FxaB2 and
therefore, dV = 2M0adB6  2TxadB1  2FxadB2. Also, the variations of strains in Eq. (A.2) are found as:dex ¼ zdB6 þ dB2; dcyz ¼ dwy þ dw0 þ sgnðzÞdwy
dey ¼ dv 0 þ zdw0y þ jzjdw0y; dcxz ¼ dB1yþ dwx þ sgnðzÞdwx
dez ¼ 0; dcxy ¼ du0 þ zdw0x  dB1zþ jzjdw0x:
ðA:3ÞUpon substituting Eq. (A.3) and dV = 2M0adB6  2TxadB1  2FxadB2 into Eq. (A.1), carrying out the necessary integrations,
and employing the fundamental lemma of calculus of variations the equilibrium equations and the associated boundary con-
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solve the linear equations in Eqs. (20a)–(20g), Eqs. (20a), (20b), and (20f) are ﬁrst integrated to yield:fwx;wy; wygT ¼ ½M1½N1fUg þ ½M1½N2fBg  y; ðA:4Þ
wherefUg ¼ fu; v;wxgT ; fBg ¼ fB1;B2; B6gT ; ðA:5Þ
with½M ¼
B66 B26 B26
B26 B22 B22
D26 D22 D22
2
64
3
75; ½N1 ¼
A66 A26 B66
A26 A22 B26
B26 B22 D26
2
64
3
75;
½N2 ¼
B66 A16 B16
B26 A12 B12
D26 B12 D12
2
64
3
75: ðA:6ÞSubstituting (A.4) back into the remaining equilibrium equations in Eqs. (20a)–(20g) results in½EfU00g þ ½FfUg þ ½GfBg  y ¼ f0g; ðA:7Þ
with½E ¼ ½F2½M1½N1  ½F1
½F ¼ k2½f0gf0gfb1g  k2½F3½M1½N1 þ k2½f0gf0gfb2g
½G ¼ k2½fb1gf0gf0g þ k2½F3½M1½N2 þ k2½fb2gf0gf0g;
ðA:8Þwherefb1g ¼ fA55;A55;A45gT ; fb2g ¼ A
2
45
A44
;A45A45
A44
;A45A44
A44
( )T
;
½F1 ¼
B66 B26 D66
B66 B26 D66
B26 B22 D26
2
64
3
75; ½F2 ¼
D66 D26 D26
D66 D26 D26
D26 D22 D22
2
64
3
75;
½F3 ¼
A55  A45A45A44 0 A45 
A44A45
A44
A55  A
2
45
A44
0 A45  A45A44A44
A45  A45A44A44 0 A44 
A244
A44
2
66664
3
77775: ðA:9ÞThe general solution of Eq. (A.7) can readily shown to be:fUg ¼ ½w½sinhðkyÞfHg þ ½F1½GfBg  y; ðA:10Þ
where [sinh(ky)] is a 3  3 diagonal matrix. Also in Eq. (A.10), [w] and k21; k22; k23
 
representing the modal matrix and eigen-
values of ([E]1[F]), respectively. Also {H} is unknown vector containing three constants of integration. Next, upon imposing
the remaining boundary conditions (i.e., My ¼ Mxy ¼ Mxy ¼ 0 at either y ¼ b or bÞ in Eq. (13), the unknown vector {H} is
determined in terms of vector {B}. Finally, by satisfying the global equilibrium condition of laminate (i.e., Eq. (12)), the con-
stant parameters B1,B2andB6 is found in terms of the speciﬁed axial forceFx, torqueTx and bending moment M0.
Appendix B
The laminate rigidities appearing in Eqs. (32) and (34) are deﬁned as follows:Akjpq;B
kj
pq;D
kj
pq
 
¼
XN
i¼1
Z h=2
h=2
CðiÞpq /
0
k/
0
j;/k/
0
j;/k/j
 
dz; ðB:1Þ
Akpq;B
k
pq;B
k
pq;D
k
pq
 
¼
XN
i¼1
Z h=2
h=2
CðiÞpq /
0
k;/k;/
0
kz;/kz
 
dz ðk; j ¼ 1;2; . . . ;N þ 1Þ; ðB:2Þ
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XN
i¼1
Z ziþ1
zi
CðiÞpqð1; z; z2Þdz; ðB:3Þwhich, upon integration, are presented in the following form:Akjpq;B
kj
pq;D
kj
pq
 
¼
 C
ðk1Þ
pq
hk1
; C
ðk1Þ
pq
2 ;
hk1C
ðk1Þ
pq
6
 	
if j ¼ k 1
Cðk1Þpq
hk1
þ C
ðkÞ
pq
hk
;
Cðk1Þpq
2 
CðkÞpq
2 ;
hk1C
ðk1Þ
pq
3 þ
hkC
ðkÞ
pq
3
 	
if j ¼ k
 C
ðkÞ
pq
hk
;
CðkÞpq
2 ;
hkC
ðkÞ
pq
6
 	
if j ¼ kþ 1
ð0; 0;0Þ if j < k 1 or j > kþ 1
8>>>>>><
>>>>>>:
ðB:4ÞandAkpq;B
k
pq; B
k
pq;D
k
pq
 
¼
Cð1Þpq ; h1C
ð1Þ
pq
2 ;C
ð1Þ
pq
z21z22
2h1
;
Cð1Þpq
h1
z31z32
3  z2
z21z22
2
h i 	
if k ¼ 1
Cðk1Þpq ; hk1C
ðk1Þ
pq
2 ; C
ðk1Þ
pq
z2
k
z2
k1
2hk1
;
Cðk1Þpq
hk1
z3
k
z3
k1
3  zk1
z2
k
z2
k1
2
h i 	
if k ¼ N þ 1
Cðk1Þpq  CðkÞpq ; hk1C
ðk1Þ
pq
2 þ
hkC
ðkÞ
pq
2 ;C
ðk1Þ
pq
z2
k
z2
k1
2hk1
þ CðkÞpq z
2
k
z2
k1
2hk
;

Cðk1Þpq
hk1
z3
k
z3
k1
3  zk1
z2
k
z2
k1
2
h i
þ C
ðkÞ
pq
hk
z3
k
z3
kþ1
3  zk1
z2
k
z2
kþ1
2
h i	
if 1 < k < N þ 1
8>>>>>><
>>>>>>>:
ðB:5ÞalsoðApq;Bpq;DpqÞ ¼
XN
i¼1
CðiÞpq ziþ1  zi½ ;
z2iþ1  z2i
2

 
;
z3iþ1  z3i
3

  	
: ðB:6ÞThe coefﬁcient matrices [M], [K], and [L] appearing in Eq. (35) are given as follows:½M ¼
½D66 ½D26 ½B36  ½B45T
½D26 ½D22 ½B23  ½B44T
½0 ½0 ½D44
2
64
3
75; ½K ¼
ð½A55 þ ½aÞ ½A45 ½0
½A45 ð½A44 þ ½aÞ ½0
½B45  ½B36T ½B44  ½B23T ð½A33 þ ½aÞ
2
64
3
75;
½L ¼
fA55g f0g f0g
fA45g f0g f0g
ðfB45g þ fB36gÞ fA13g fB13g
2
64
3
75; ðB:7Þwhere [Apq], [Bpq], and [Dpq] are (N + 1)  (N + 1) square matrices containing Akjpq;Bkjpq, and Dkjpq, respectively and the vectors
fApqg; fBpqg, and fBpqg are (N + 1)  1 column matrices containing Akpq;Bkpq; and Bkpq, respectively. Also, [0] is (N + 1)  (N + 1)
square zero and {0} is a zero vector with N + 1 rows. The artiﬁcial matrix [a] is also an (N + 1)  (N + 1) square matrix whose
elements are given by:akj ¼ a
Z h=2
h=2
/k/jdz ðB:8Þwith a being a relatively small parameter in comparison with the rigidity constants Akjpqðpq ¼ 33;44;55Þ. It is to be noted that,
the inclusion of [a] in the matrix [K]makes the eigenvalues of the matrix ([M]1[K]) be all distinct.
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